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A Verified, Rigorous Numerical ODE Solver

I ODE: ẋ(t) = f (x(t))

I flow: solution of ODE for initial condition x(0) = x0:

λt. φ(x0, t)

I approximation scheme: Runge-Kutta method, e.g.,

φ(x0, h) = x0 + h · f (x0) +O(h2)

I rigorous numerics: set-based computing
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Rigorous Numerics: Real Numbers

I Syntax and Semantics:

aexp = Add aexp aexp
| Mult aexp aexp
| Minus aexp
| Inverse aexp
| Num R
| Var N
| . . .

[[Add a b]]vs = [[a]]vs + [[b]]vs
[[Mult a b]]vs = [[a]]vs · [[b]]vs
[[Minus a]]vs = −[[a]]vs
[[Inverse a]]vs = 1/[[a]]vs
[[Num r ]]vs = r
[[Var i ]]vs = vs ! i

. . .

I Approximation:

approx : aexp → interval list → interval

set-of-ivl : interval → R set

(∀i . xs ! i ∈ XS ! i) =⇒ [[e]]xs ∈ set-of-ivl (approx e XS)
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Rigorous Numerics: Euclidean Space

I Euclidean Space:

eucl-of : R list → α :: euclidean-space

es :: aexp list

[[es]]vs = eucl-of (map (λe. [[e]]vs) es)

I Approximation:

I approxs : aexp list → interval list → interval list
I set-of-ivls : interval list → α :: euclidean-space set
I approxs es XS = map (λe. approx e XS) es
I (∀i . xs ! i ∈ XS ! i) =⇒ [[es]]xs ∈ set-of-ivls (approxs es XS)
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Rigorous Numerics: “Matrices”

I A : Rn×m, B : Rm×`

I A = eucl-of as, B = eucl-of bs

I (
a1 a2
a3 a4

)
= eucl-of [a1, a2, a3, a4]

I matrix operations: A ∗ B = (eucl-of as) ∗ (eucl-of bs)

... = (eucl-of (mm-mult-lists m n ` as bs))

I mm-mult-lists ::

N→ N→ N→ aexp list → aexp list → aexp list

Therefore
use approxs (mm-mult-lists ...) ... for rigorous numerical
computations of matrices.
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Linear Algebra?

(Total) derivatives are linear

I Derivative of f : Rn → Rm at x :

Df |x : Rn → Rm, linear

f (x + v) ≈ f (x) + Df |x · v

Required for:

I multivariate Taylor series expansion (Runge-Kutta)

I derivative of flow (sensitivity analysis)
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Multivariate Taylor Series Expansion

0 h

x0

ϕ

h · f (x0)

O(h2)

0 h

x0

ϕ
h · ψp(x0, h)

O(h3)

I two-stage Runge-Kutta method:

ψp(x0, h) = (1− 1

2p
)f (x0) +
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2p
f (x0 + hpf (x0))

I approx remainder term s1 ∈ [0, 1],s2 ∈ [0, 1]
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Derivative of The Flow
φ(x + v , t) ≈ φ(x , t) + Dφt |x · v

Dφt |x : Rn → Rn ∼= Rn×n

Theorem (Variational Equation)
Dφt |x0 = Wx0(t) for the var.eq.:{

Ẇx0(t) = Df |φ(x0,t) ∗Wx0(t)

Wx0(0) = Id

Theorem (Concrete Example)

φ((1.4, 2.25), 2) ∈ ([0.1; 0.2], [−1.1;−1])

Dφ2|(1.4,2.25) ∈
(

[0.2; 0.3] [0.4; 0.5]
[−0.2;−0.1] [0.2; 0.3]
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Representation of Linear Functions

I typedef (α→bl β) = {f :: α→ β | bounded-linear f } for
α, β :: real-normed-vector

I with ‖f ‖ = onorm f = max‖x‖≤1 ‖f x‖:
(α→bl β) :: real-normed-vector

I unfortunately for α, β :: euclidean-space ,
(α→bl β) 6:: euclidean-space

Cannot use (α→bl β) for solving the variational equation!

Transfer euclidean-space :

For γ, δ :: euclidean-space with DIM(γ) = DIM(δ): γ ∼= δ

Transfer: (α→bl α) ∼= (Rn →bl Rn) for DIM(α) = n
And: (Rn →bl Rn) ∼= (Rn×n)

Solve variational equation for Rn×n :: euclidean-space .
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Alternative Representation?

I typedef (α→` β) = {f :: α→ β | linear f } for
α, β :: euclidean-space

I with Frobenius norm ‖f ‖ =
√∑

i∈Basis
∑

j∈Basis . (f i) • j :
(α→` β) :: euclidean-space
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Relativization To HOL-Algebra

Idea/Vision(Johannes): combining the best of two extreme
approaches:

I HOL-Algebra/records: explicit structures

I HOL-Analysis/type-classes,locales:
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HOL-Algebra / sets / records

I explicit carrier sets

I records for structures
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HOL-Analysis / types / type classes / locales

I types for carrier sets

I type classes (whenever possible) and locales for structures
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I Transfer Rules (one per structure):

I implicit theorem:

I explicit theorem:
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Boilerplate Code...
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I implicit theorem:

I explicit theorem:
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Boilerplate Code...
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More automation for locale  record?
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Thank you!
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